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It is noted that quantum theory includes the correspondence principle which is independent of the
value of quantum corrections. Some consequences of this generalized correspondence principle are
considered. For example, it is discussed how the symmetry constraints can be taken into account.
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1. The aim of the article is to allow readership to take a
look at the generalized correspondence principle (GCP):
the quantum process probability is defined by equilibrium
among ordinary mechanical forces and quantum force ~j
of the arbitrary strength if a classical analog exists1 a).
Notice that GCP is close to the principle of d’Alembert:
the dynamics of the system is defined by equilibrium of
all acting in it forces, if the motion is time reversible2.
The d’Alembert principle was formulated in 1743, long
before the quantum mechanics but by all appearance it
has the general sense.
At the same time GCP differs from the well known
Bohr correspondence principle offered in 1923 which runs
that the quantum mechanical systems behavior can be de-
scribed by classical mechanics laws in the limit of large
quantum numbers3. The role of the Bohr correspondence
principle can not be overestimated. It introduces the
Newton laws into the quantum mechanics: if there is a
classical analog in the system then the in-state obtains
the exponential factor eiS/~ during its transition into the
out-state according to the general conclusion of P. Dirac4.
It is important here that S have the structure of the clas-
sical action.
Let us consider a particle collision process. The point
is that the quantum nature of collision leads to the per-
turbation of the object in question as well as of the inci-
dent particle. One of the possible scenario of the process
may be marked by the given field ϕ(x), where x is the 4-
coordinate in Minkowski metric, x2 = t2−x2. This gives
the factor eiS(ϕ)/~ to each configuration of ϕ. Therefore
quantum nature of the problem means the necessity to
take into account all configurations, i.e. to find the sum
(integral) over ϕ5,
A = Σ{ϕ}e
iS(ϕ)/~.
The definition of set {ϕ} is a fundamental problem of
quantum theories and this problem is solved by GCP.
The Bohr correspondence principle partly solves it: the
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variation of S(ϕ) over ϕ must be equal to zero,
δS(ϕ)
δϕ(x)
= 0 (1)
in the limit ~ = 0. That equation simply means that it
is desirable to have the minimal oscillations during the
transition (in → out) state. It is held in quantum case
with exponential accuracy and Eq. (1) becomes exact
only in the classical limit ~ = 0. Eq. (1) means the
equilibrium among ordinary kinetic and potential forces
in terms of d’Alembert.
2. The key word for GCP is the probability, R, which
is equal to modulo square of amplitude A, R = |A|2 =
A ·A∗. Notice first of all that only the absorbed wave can
be detected by an experiment since the total probability
is a conserved quantity, i.e. following the optical theorem,
A · A∗ = 2ImA, only the imaginary (absorption) part of
amplitude, ImA, describes the result of the measurement.
Notice also that the product A · A∗ describes the time
reversible (a closed path) motion since the end points
of the motion (in → out) which is described by A and
(in ← out) described by A∗ coincide. As a result the
phase of A is canceled in the modulo square R = |A|2.
Therefore, the notion of quantum probability contains
extra requirements and GCP is their consequence b).
For example, let us consider a motion of a particle with
energy E in a potential hole. Corresponding amplitude
looks as follows:
A(x1,x2;E) =
∑
n
ψn(x1)ψ
∗
n(x2)
E − En + iε
,
where En is the bound state energy. One can note that
A(x1,x2;E) is defined on the whole axis of E. Let us con-
sider now the probability ρ(E) to find the particle with
energy E. Taking into account the ortho-normalizability
of the wave function ψn one can find that
ρ(E) =
∫
dx1dx2|A(x1,xx;E)|
2 =
=
∑
n
1
|E − En + iε|2
=
π
ε
∑
n
δ(E − En). (2)
2It is noticeable also that ρ(E) 6= 0 only for physically
acceptable values of E = En. One may conclude that the
rightly defined observable contains the above mentioned
requirements inherently.
One can show1 that (i) if a classical analog in the sys-
tem exists c), (ii) if S-matrix is unitary and (iii) because
of the closed-path boundary conditions we have:
R = lim
j=e=0
e−iKˆ(j,e)
∫
DMeiU(ϕ,e)/~, (3)
where Kˆ in the first exponent is the perturbations gener-
ating operator,
2Kˆ =
∫
dx
δ
δj(x)
δ
δe(x)
,
the interactions are induced by the functional
U(ϕ, e) = S(ϕ+ e)− S(ϕ− e)− 2
∫
dx
δS(ϕ)
δϕ(x)
e(x),
where e = e(x) is the auxiliary field which describes the
quantum deformations of ϕ, and the Dirac measure
DM =
∏
x
dϕ(x)δ
(
δS(ϕ)
δϕ(x)
+ ~j(x)
)
.
One can trace the analogy of δ-function in DM with
δ-function which has appeared in Eq. (2). Therefore be-
cause of the Dirac δ-function DM is defined on the com-
plete set of the physics field configurations. The formula
(3) describes the vacuum-into-vacuum transition proba-
bility. An analogous formula exists in the case of the par-
ticle production6 if the interaction with external states
are switched on adiabatically, i.e. if the external states
has not an influence on the interacting fields spectrum.
But it must be underlined that it is impossible to use
(3) for the quantum tunneling effects, when the action
S becomes complex quantityd). The integral (3) can be
analytically continued on the complex time contour C =
C+ + C−, C± : t → t ± iε, ε → +0, to avoid the
singularities if they occur.
It is noticeable that DM is defined by the strict equa-
tion (GCP):
δS(ϕ)
δϕ(x)
= −~j(x). (4)
It is correct for arbitrary value of ~, not only for semi-
classical approximation ~ → 0. Meanwhile the quantum
corrections are generated by the given operator Kˆ.
The reason of Eq. (4) appearance is as follows. The
main point of the GCP formalism is cancelation of ReA
if A ·A∗ is calculated. It becomes possible because of the
closed-path prescription which ensures the equilibrium of
forces, i.e. the dynamics must be defined by Eq. (1) at
~ = 0 (Bohr). The ”additional” quantum force, ~j(x), is
introduced at ~ 6= 0 to provide equilibrium (d’Alembert).
As a result we come to the exact Eq. (4).
3. Let us consider now the most evident consequences
of GCP. First of all δ-likeness of the measure,DM , orders
to use a complete set of strict solutions of Eq. (4) in
vicinity of j = 0. Notice there is a missing interference
among various trajectories.
Next, only one term in the sum over solutions must be
taken into account. Indeed, let us consider the simplest
example of a particle moving into a potential hole which
has a minimum at the origin, ϕ = 0. Then Eq. (4) will
have two solutions at the classical limit when the source
of quantum perturbations j = 0: the particle all time
rests on bottom of the hole, ϕ1 = 0, and the particle
moves with energy ǫ, ϕ2 = u(t + t0, ǫ), where t0 is a
starting time. Turning on j(t) one can find two quantum
trajectories.
One must integrate over t0 and ǫ ≥ 0 since one must
take into account all trajectories. In this case the contri-
bution of u(t+t0, ǫ) is proportional to the infinite integral
over t0, i.e. it is proportional to the volume of the group
of time translations, Ω. At the same time the contri-
bution of ϕ1 is finite. Therefore, as it follows from the
definition of Dirac δ-function, R = R(ϕ1) + ΩR(ϕ2) and
the contribution of ϕ1, R(ϕ1), is improbable since it is
realized on zero measure: its contribution is ∼ 1/Ω in
comparison with the contribution of ϕ2 = u. In other
words the contribution of ϕ1 occupies a point-like vol-
ume in the phase space and as the consequence it must
be omitted as it is improbable.
One may conclude that in the situation of general
position7, when there is no external influence, the trajec-
tories which maximally break the symmetry of the action
are most probable. The path-integral formalism based on
this selection rulee) becomes self-consistent, it does not
require external assumptions and leads to the theories
with symmetry. One can note that the gauge invariant
quantum chromodynamics (QCD), just as quantum elec-
trodynamics (QED), can not be considered as the theory
with symmetry since the space-time symmetry stays un-
touched in itf).
The measure of contribution in the general case is de-
fined by a number of parameters (η, ξ), such as (ǫ, t0) in
the considered example: η = ǫ and ξ = t + t0 in the
semiclassical approximation. They form the space W ,
(η, ξ) ∈W , and the volume of W , Ω, defines the measure
of a given trajectory. Therefore, our selection rule means
that the trajectories of the largest dimensionW are most
probable.
4. Another important property of GCP is a possibility
to perform the transformation of integrants, i.e. to use
the most powerful method of classical mechanics. This
becomes possible due to the δ-likeness of the measure: a
transformed measure will be again δ-like which ensures
conservation of the total probability. A naive transfor-
mation of variables in the amplitude is cumbersome and
usually produces bad results8 due to stochastic nature of
quantum fluctuations9.
The transformations can be used to formulate the
quantization of non-linear wave u in terms of the gen-
3eralized coordinatesg).
The first question is: how can ”the generalized coordi-
nates” be defined in quantum theoriesh)? Let us return
to the example of a particle in the potential hole. In-
stead of the ϕ one can use the energy-time variables hav-
ing the non-linear wave u(t + t0, ǫ). The transformation
into the space of parameters of classical trajectory, W ,
is preferable since the classical trajectory u is defined by
the coordinates of W space completely, see also10.
It has been shown that if a system has the sufficient
set of conserved parameters, i.e. is completely inte-
grable, then new variables, (η, ξ), form a simplectic man-
ifold, T ∗W , and all of them are quantum variables, q-
numbers. The example of such a system is sin-Gordon
model, where η is the momentum of soliton and ξ is the
corresponding coordinate11. If the completely integrable
system has a hidden symmetry than only a portion of
new variables form the simplectic manifold, T ∗W , and
the others, λ, are ordinary numbers of the zero-modes
space, C. The example can be Coulomb problem12.
In it a pair (angular momentum, angle) belongs to
T ∗W and the conserved hidden parameter, the length
of Runge − Lenz vector, belongs to C. We have the
same in the case of Yang-Mills fields with symmetry13.
Therefore, one may expect that W = T ∗W + C.
The transformation of l.h.s. of Eq. (4) leads to trans-
formation of r.h.s., j, or more exactly to the splitting of j
on the projection on the axes of T ∗W space, j → (jη, jξ).
The variable e must be split also, e → (eη, eξ), to con-
serve the form of perturbations generating operator Kˆ.
Therefore, we have come to the theory like the Hamil-
tonian quantum mechanics, where η = η(t) may be in-
terpreted as a generalized momentum and ξ = ξ(t) as a
conjugate to η generalized coordinate of a particle and
u(x; η, ξ, λ) defines the external potential. It must be
noted that T ∗W is a uniform and isotropic space in the
semi-classical approximation since η are time indepen-
dent quantities in that case. The quantum theory in
T ∗W describes fluctuations disturbing this property.
It has been demonstrated that the programm of re-
duction of the quantum field-theoretical problem with
symmetry of the arbitrary dimension to the quantum-
mechanical one,
u : ϕ(x, t)→ (η(t), ξ(t), λ), (η, ξ) ∈ T ∗W, λ ∈ C, (5)
can be realized. It is important that the divergences ac-
companying (5) are canceled in the integral (3) since the
total probability is conserved. As a result we have come
to the field theory with symmetry without any diver-
gences, like quantum mechanics, if S(u) is finite. Indeed,
as the result of mapping R have the same structure (3)
with
DM = dλ
∏
t
dηdξδ
(
η˙ +
∂h
∂ξ
+ jη
)
δ
(
ξ˙ −
∂h
∂η
− jξ
)
,
(6)
where h(η, ξ, λ) = H(u, u˙) and H(u, u˙) has the structure
of incident Hamiltonian. Notice that we use terms of the
Lagrange formalism up to transformation (5). Next, the
interactions are described by U = U(u, e), where
e = eξ
∂u
∂η
− eη
∂u
∂ξ
and the perturbations are generated by
2Kˆ =
∫
dt
{
δ
δjη
δ
δeη
+
δ
δjξ
δ
δeξ
}
. (7)
The singularity of (5) means that this mapping is irre-
versible, while one must stay in W space forever. On the
other hand the mapping is necessary because of the quan-
tization rule: one must work with independent degrees
of freedom. Therefore, the sense of QCD small-distance
effects may be vague in the light of GCP, i.e. if QCD is
realized on the zero measure, and it is possible that they
need a new interpretationi).
5. Moreover, there is no radiation in the field theo-
ries with symmetry without matter fields. Indeed, the
operator (7) on the measure (6) generates the complete
set of contributions which does not contain the particle
statesj). In other words the field theory with symmetry
does not contain even the notion of the ”particle”. This
conclusion is rightful for an arbitrary field theory with
symmetry.
The prove of this qualitative conclusion is simple14.
Namely, one can compute the m into n massless particle
transition cross section, ρmn, times the flux factor
15 to
show that
ρmn = 0, ∀{m,n} > 0, (8)
in the field theory with symmetry. The prove of Eq. (8)
is simple. Thus, following to the Lehman-Symanzick-
Zimmerman reduction formula
Γ∗(q) =
∫
dxeiqx∂2u(x; ξ(t), η(t), λ) (9)
is the particles production vertex. Then Γ∗(q) = 0 if the
field u = 0 on the infinitely far hypersurface σ∞ since
Γ∗(q) stocks up on σ∞ as it follows from (9) and the real
particles production, with q2 = 0, is considered. GCP
quantum corrections can not change the asymptotics of u
since transformation (5) leads to quantum mechanics, i.e.
to the finite on σ∞ theory if u(x ∈ σ∞) = 0. It should be
underlined that the theory on δ-like, i.e. Dirac’s, measure
admits the prove ex adverso.
6. Eventually a necessary and sufficient condition for
the quantum field theory with symmetry in the light of
GCP is knowledge of the maximally symmetry break-
ing solution, u(x; η, ξ, λ), of Lagrange equation (1). This
problem still seeks for its solution, see also the review
paper16. Perhaps it will be preferable from the phe-
nomenological point of view to formulate in future the
theory with symmetry directly in W space, i.e. in terms
of an independent degrees of freedom.
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Notes
a) Another formulation of GCP also exists: for an external ob-
server the quantum system looks like classical which is excited by
quantum force if a classical analog exists. This interpretation was
offered by A.Sissakian.
b)We will assume that the interaction with external fields
switched on adiabatically
c)In other words, if the correspondence principle of Bohr is ap-
plicable in the limit ~ = 0.
d)The tunneling effects can be described by an analytical contin-
uation of the classical trajectory under the potential barrier17.
e)This selection rule has not been used in the ordinary formula-
tions of quantum theories but it is widely known in classical me-
chanics, see for example formulation of Kolmogorov-Arnold-Mozer
theorem in the textbook7 .
f)The gauge degrees of freedom play no role here since an arbi-
trary solution of Yang-Mills equation breaks it.
g) It must be underlined here that the procedure of the account-
ing of the symmetry constraints can not be done perturbatively.
One can understand the quantization as a formal language which
contains the words (independent degrees of freedom) and the rules
(mathematics) which explain how a sentence (result) must be de-
duced.
h)One can provide following elegant geometrical interpretation
of the ”generalized coordinates” approach. Following the general
formulation18,19 the set of parameters γ forms the factor space
W and u(x; γ) belongs to it completely. The mapping of multi-
particle dynamics intoW forms the finite-dimensional hypersurface
in it. The hypersurface compactifies into the Arnold’s hypertorus
if the classical system is completely integrable7. Then one half
of parameters γ is the radii, η, of the hypertorus and the other
one is the angles, ξ. Description of the quantum system in terms
of the collective-like variables γ means the description of random
deformations of this hypersurface, i.e. of the surface of Arnold’s
hypertorus in the case of the integrable system.
i)Physics knows such an example when a ”good” theory was
rejected. Weber’s electrodynamics for instance perfectly describes
all experimental facts, except the radiation of light.
j)The free particle must have a definite energy and momentum
in the traditional understanding of it, see20.
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